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ABSTRACT
Many real-world applications in the batch and data stream settings
with data shift pose restrictions to the access to class labels after
the deployment of a classification or quantification model. How-
ever, a significant portion of the data stream literature assumes
that actual labels are instantaneously available after issuing their
corresponding classifications. In this paper, we explore a different
set of assumptions without relying on the availability of class labels.
We assume that, although the distribution of the data may change
over time, it will switch between one of a handful of well-known
distributions. Still, we allow the proportions of the classes to vary.
In these conditions, we propose the first method that can accurately
identify the correct context of data samples and simultaneously
estimate the proportion of the positive class. This estimate can
be further used to adjust a classification decision threshold and
improve classification accuracy. Finally, the method is very effi-
cient regarding time and memory requirements, fitting data stream
applications.
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1 INTRODUCTION
Classification and quantification (counting) are two different, but
intimately related data mining tasks. Classification assigns a class
label to an individual and unknown example. Quantification esti-
mates the class distribution for an unlabeled sample of instances.
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These tasks can benefit from each other. We can naively quan-
tify a sample by classifying and counting each example (although
approaches that take into consideration other pieces of informa-
tion, such as the marginal errors, outperform this method [15]).
Conversely, we can use the quantification output to adjust the deci-
sion threshold of classifiers and, therefore, improve classification
accuracy in applications with varying class distributions.

In this paper, we are interested in non-stationary problems, both
in batch and stream settings. Alongside current quantification liter-
ature, we assume that the class priors (P(Y )) dynamically change
over time. Otherwise, we could just use the training set distribution
to quantify the test data. Unlike other quantification papers, we
assume that the data distribution (P(X )) will change. The batch
and streaming mining literature reference these changes by several
different names such as dataset shift, covariate shift, concept drift
and so forth.

This setting is extremely challenging, not only because we are
assuming a non-stationary environment, but also because we can-
not rely on actual labels after the classifier is deployed. In other
words, the difference in time between the arrival of a new example
and the observation of its label is very large or even infinite. In the
data stream jargon, we have a very large or extreme label verifi-
cation latency [28]. Small or null-verification latencies are usually
unrealistic assumptions and would make this problem uninterest-
ing: instead of building classifiers/quantifiers, we could just wait
for the correct labels to arrive and use them as a response to the
classification and quantification problems.

Current literature has addressed the verification latency prob-
lem with three primary approaches: active learning [26], semi-
supervised [21, 22] and unsupervised learning [1, 9, 11, 28] for both
batch and stream settings. Active learning typically requires class
labels when drifts occur and are particularly problematic for stream
settings since it would demand an expert “over the phone” to label
instances at any moment. Semi-supervised learning needs labels
for part of the examples, and it may be infeasible for several clas-
sification and quantification applications. Unsupervised learning
typically tracks drifts associating clusters and classes. Although
this last approach requires no labels after deployment, it also suf-
fers from the difficulties of designating groups to concepts and
frequently relies on strong assumptions regarding the nature of
the changes, such as incremental variations in P(X ) and nearly
constant P(Y ).

With this work, we propose a novel and practical approach to
the problem of learning from non-stationary data, with the absence
of class information during deployment. We assume that the data
can be (approximately) described by a set of recurring concepts that
we call contexts, and that we have access to labeled data for these
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contexts at training time.We also assume that although an extensive
set of latent factors can cause concept drifts, there are smaller subset
of observable variables related to most of them. Although we have
access to these variables during training, we do not assume their
availability afterward.

Our primary contribution is a method that, given an unlabeled
sample at deployment, returns the most similar data seen at training.
In other words, it returns what is the most likely known distribution
(context) to be followed by the sample. Contrarily to other statistical
tests for matching data distribution [10], our method is robust
regarding extreme changes in P(Y ).

Given the unlabeled deployment sample, our method provides
not only its context but also an estimate of the current class distri-
bution P̂(Y ). The utility of such estimate is two-fold. First, it is the
direct answer to quantification queries. Second, we can use it to
adjust the decision threshold of the classifiers, providing accurate
results for applications where the class priors vary significantly.

We make a comprehensible evaluation of our proposal and show
that:

(1) We can identify the correct context under varying class dis-
tributions with high accuracy;

(2) For quantification problems, our method is significantly
more accurate than the state-of-the-art under changes in
P(X ). Additionally, other quantification methods can benefit
from our context identification approach;

(3) Our method is more accurate than the state-of-the-art in
data stream classification with data drifts in P(X ) and P(Y )
and total absence of class labels;

(4) Our method is significantly more accurate than a single
model that ignores contexts altogether, for both quantifica-
tion and classification;

(5) Our proposal is efficient and prone to an incremental imple-
mentation, fitting stream settings.

This paper is organized as follows. Section 2 presents a motiva-
tion for this research; Section 3 reviews the literature regarding
the tackled problem; Section 4 describes our proposal; Section 5 ex-
plains our experimental setup; Section 6 presents and discusses our
findings; Section 7 discusses our proposal’s efficiency; and Section 9
presents our final conclusions and prospects for future work.

2 MOTIVATION
In the last years, our research group has designed a sensor for
flying insects [27]. The sensor uses infrared light to capture the
movement of the insect wings and machine learning to classify the
insect signals into species and sex.

This sensor can augment existing mosquito traps, creating a de-
vice that can attract, capture, and also count the insects. Hence, such
trap can be a valuable tool for mosquito control and surveillance.

For control, classification is the primary task. Real-time clas-
sification allows us to create a trap that only captures insects of
interest, such as a disease vector or agricultural pest. Other species
can be released, reducing the environmental impact of the device.

For surveillance, quantification is the primary task. Counting
the number of captured insects by species and sex over time gives
us an estimate of the insect population in the trap area. Heat maps

integrate the counts of multiple traps and provide an essential tool
for teams to plan and execute larger-scale control interventions.

Data collected by the trap presents drifts. There are a large set of
factors that influence the flying behavior of insects (and, therefore,
P(X )) such as temperature, humidity, air pressure, age, availability
of water and food and so forth. However, temperature is a prominent
factor. Figure 1 illustrates temperature influence on the wing-beat
frequency, one of the features we extract from the signals.
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Figure 1: Influence of temperature on the wing-beat fre-
quency of Aedes aegypti mosquitoes.

An aggravating factor is that the class distribution is unknown
and highly variable. It depends on two primary factors: the local
availability of the species of interest and the insect circadian rhythm.
The circadian rhythm is a biological process that governs peaks of
activity and resting. For many insect species, these peaks occur at
dawn and dusk, as shown in Figure 2.

12 a.m. 6 a.m. 12 p.m. 6 p.m. 12 a.m.
Hour of the day

Aedes aegypti

Culex quinquefasciatus

Figure 2: Histograms representing the circadian rhythm of
Aedes aegypti and Culex quinquefasciatus mosquitoes.

For this application, we possess plenty of labeled training data.
We gather these data in the laboratory using insectaries, which
are containers with a sensor attached. Each insectary maintains
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insects of a single species, leading to labeled data. We also control
temperature, humidity, and other ambient conditions maintaining
the insectaries in climatized chambers.

However, training data offers limited information regarding class
distributions (P(Y )). In the laboratory, the class distribution depends
on the number of insects in each insectary and the circadian rhythm
of the insects. However, on the field, the class distribution will be
given by the local availability of the insects as well as their circadian
rhythms.

Additionally, laboratory conditions differ from those in the de-
ployment field and as such, we cannot count on the same data avail-
ability. In the laboratory, some factors such as true labels are known
only because we directly control them. Those become promptly
unavailable, once we achieve deployment.

While we can measure many of the factors that influence the
insects behavior through sensors, we would want to remove all
non-essential ones, since they raise battery consumption, building
costs, and project complexity. The ambient sensors are particularly
troublesome since theymust be installed externally to better register
the ambient conditions. Therefore, they are also prone to damages,
resulting in failures.

Notwithstanding, the possibility of controlling some factors
(such as temperature, humidity, air pressure, and so on) that af-
fect the wing beat data (P(X )) enables us to collect enough data to
identify a reasonable portion of all recurrent behavioral patterns.

We note that other applications may fall into one of four similar
situations that follow:

(1) The factors responsible for different contexts are unknown,
too many, or too complex to be feasibly accountable. In this
case, it may still be possible to recognize distinct and recur-
rent contexts over time (by applying a suitable statistical
test, for instance);

(2) Even if the factors responsible for drifts are known, they can
be missing in data obtained with a different setup;

(3) The sensors responsible for registering data related to the
drifts are prune to failures. Hence a fallback mechanism is
desired; and

(4) The sensors are unreliable. Hence the use of their readings
can be potentially improved with an additional opinion, as
in a data fusion scheme.

3 RELATEDWORK
In this section, we review the most relevant related work in data
drift classification and quantification.

3.1 Concept Drift, Dataset Shift, and Context
Drift

In the literature of batch and stream settings, changes in data dis-
tribution attend by several names such as concept, dataset and
covariate drift, and shift.

In data streams, concept drift refers to changes in the probability
distribution of the data over time. As distributions change, outdated
models can have their performance decreased unless they can de-
tect and adapt to such changes. In classification, a conventional
approach is to detect concept drifts by measuring the classification

performance over time and looking for declines. However, such
approach depends on the timely availability of actual labels.

Verification latency is the period between observing an event and
acquiring its true label and label scarcity is the number of actual
labels accessible after classification. While scarcity and latency
rates entirely depend on the application domain, they are rarely
inexistent in real-world applications: a period and cost necessary
for an external classification should exist. Yet, most research papers
assume the absence of latency [21, 22], scarcity [2, 19, 21, 29] and,
more often, both [3–5, 13, 24].

The extreme verification latency, i.e., extreme scarcity, is the sce-
nario where no true labels are ever available during the deployment
time of a classification model [8]. Consequently, there are no la-
bels available for drift detection or model adjustment. Nonetheless,
labeled data is available during a training phase.

There is a small body of work on streaming classification as-
suming extreme verification latency. For instance, concept drifts
has been moddelled as data clusters movements in the feature
space [9, 11, 28], which limits these methods to deal with incremen-
tal drifts and nearly constant class distributions.

However, the co-occurrence of incremental drifts and extreme
class distribution variation can mislead these methods. For instance,
the insect sensor only registers the insects that pass in front of it.
Hence, the chance of registering flights for a species depends on
its presence and activity. The insect circadian rhythm governs its
activity periods, making it vary throughout the day. The chance
of registering events for a species diminishes when it is inactive.
When that species becomes active again, it can have a different data
distribution than its last active period. Therefore, it may be infea-
sible to infer an incremental drift due to the lack of data between
consecutive active periods.

Another active research area is the use of statistical tests to detect
changes in data distribution. To the best of our knowledge, Kifer et
al. [18] are the first to propose directly applying hypothesis tests to
detect concept drifts without true labels. In this case, a fixed sample
of events represents a training set and a dynamic sample represents
recently observed data. A hypothesis test is then applied to verify
whether the distributions of these samples are similar. The authors
focused entirely on the task of drift detection and as such did not
evaluate the impact on other related tasks, such as classification.

Using a similar approach, Zliobaite [30] proposes a method that
can identify detectable changes in a stream: a hypothesis test is
performed to verify if two consecutive sliding windows follow
different distributions. An attractive proposal of this paper is the
application of the test over the classifier output scores, instead of
the feature values. As most statistical tests are univariate, this idea
simplifies the test application and the decision process of indicating
when a drift occurred. Nonetheless, she does not address possible
actions after a drift detection.

Reis at al. [26] introduce an incremental version of the Kolmogo-
rov-Smirnov test that suits data stream applications. They evaluate
the impact of concept drift detection in classification regarding
accuracy and number of labels demanded to update the model.
Their setting shares similarities with active learning since their
method requires labeled data to retrain the models after a concept
drift.
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Despite presenting favorable results at detecting drifts, previous
work lacks unsupervisedmechanisms to tackle drifts after detection,
ceding the very first assumption of extreme verification latency.

In the batch setting, dataset shift is the term used to denote
changes in data distribution. In this case, the data used to induce
a model has a different probability distribution than the data in
the deployment. One example of a method that deals with dataset
shift is the Versatile Decision Tree [1]. They can adapt to batches of
data that are monotonic transformations of the original data used
at training. Besides the strong assumption of monotonic transfor-
mation, they also require the proportion of classes to be known.

Reis at al. [10] revisited the problem with a new assumption
that enables tackling concept drifts without requiring true labels,
after deployment. Concept drifts are restricted to a limited num-
ber of known and recurrent concepts, referred as contexts. The
researchers demonstrated that individual models for each context
outperform a single model trained with data from all contexts, and
introduced a method based on the Kolmogorov-Smirnov test to
switch between those individual models. However, the proposed
method is just slightly better than their proposed baseline, and the
proposal is incapable of dealing with varying class distributions, as
Kolmogorov-Smirnov is sensitive to changes in both P(X ) and P(Y ).
This means that if the only difference between two sets of data is
the proportion of the classes, the Kolmogorov-Smirnov statistic
could still be high, indicating that the distributions are different.

In this paper, we preserve the assumption of recurrent and lim-
ited contexts. However, we also expand it to varying proportion
of classes. The latter assumption is not only more realistic to data
quantification problems, but also an integral part of our approach.

3.2 Quantification
Quantification is the task of estimating the class distribution of a
given dataset. One straightforward way of achieving quantification
is to count the classes output by a classifier. This simple approach,
known as Classify And Count (CC) [14], reveals the first detach-
ment between these tasks: an accurate quantifier is not necessarily
an accurate classifier. The error committed by a binary quantifier
is always the absolute difference between the number of false posi-
tives and false negatives. If they are the same, the quantifier obtains
perfect estimation, regardless the accuracy of the underlying classi-
fier.

The Adjusted Classify and Count (ACC) [12] is a more sophisti-
cated and commonly used quantification method. It accounts for
the errors committed by its underlying classifier to adjust an es-
timation previously obtained with CC. Its gaudy point is that if
the estimations for the errors are precise, so will be the estimate
for the class proportions. However, it becomes difficult to assure
accurate estimates for those errors when the distribution of the
data is non-stationary.

There are quantification approaches that differ from counting
single classifications. For instance, HDy [16] is a method that relies
on the statistical divergence between the scores that a classifier
outputs for positive and negative events.

The HDy algorithm builds two normalized histograms, H+ and
H−, for the scores obtained by the classifier on two validation sets

with exclusively positive and exclusively negative instances, respec-
tively. When presented with an unlabeled test set, the algorithm
builds a histogramH? with the scores obtained by the same classifier.
Then, it estimates the positive proportion rate as follows:

HDy(H+,H−,H?) = argmin
0≤α ≤1

{HD (αH+ + (1 − α)H−,H?)}

where HD is the Hellinger Distance [25], and each histogram, with
B bins, is represented as a vector in the RB . Hellinger Distance is
a function that quantifies the similarity between two probability
distributions. Equation 1 defines Hellinger Distance for discrete
distributions, as a histogram with B bins.

HD(P ,Q) = 1
√
2

√√√ B∑
i

(√
pi −

√
qi
)2 (1)

Although HD is a metric, the interpolation between H+ and H−
used inside HDy is inadequate to the Hellinger space. Withal, we
empirically confirmed that HD(A + xB,C) is not unimodal. The
authors of the algorithm suggest finding HDy with a linear search
through α , after discretizing the interval [0, 1]. On the other hand,
we suggest using Ternary Search even if the results could be sub-
optimal, to speed-up the algorithm. We back this suggestion with a
preliminarily step in our experimental evaluation.

There are two clear advantages in representing the distribution of
the training data as a linear interpolation between two histograms.
As scalable vectors in RB represent the distributions, when we need
to represent a more significant number of events for one of the
classes, we do not need to duplicate individual events. In this way,
all events still have the same weight. Similarly, when we need to
represent a smaller number of events for the other class, we do not
need to sample individual observations, and therefore, we do not
discard useful information. Notably, when scaling down a class,
if the number of available observations in the training set is low,
discarding any information can be critical and further skew from
the actual distribution of the data.

Some other forms of comparing distributions do not have such ad-
vantages, as the discrete computation of the Kolmogorov-Smirnov
test, since it counts individual observations.

We can extend this approach by replacing the Hellinger Distance
with any other dissimilarity measure, as Minkowski or Kullback
Leibler. Cha [6] presents a comprehensive survey on similarity
measures that suit probability distributions. However, we delegate
the impact of such replacement to future work.

In the next section, we present and detail our proposed methods.

4 PROPOSED METHODS
In this section, we introduce two methods to identify which con-
text a data sample belongs to, while simultaneously estimating its
positive class ratio. Our proposals are suitable to work with binary
classification and quantification problems.

We assume that the sample belongs entirely to only one context
at a time. Although the algorithm receives a sample as input, this
chunk can represent a sliding window in a data stream.
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4.1 SMR-HDy
Our first algorithm, Single Most Relevant HDy (SMR-HDy) is a
simple approach to the problem. Moreover, it is the base for the
second algorithm, which we describe later on.

Consider the setC = {1, 2, . . . , |C |} of contexts. For each context
i ∈ C , we have available training and validation sets of eventsTi ∈ T
andVi ∈ V , respectively. Each event in these sets is associated with
a class labely ∈ {+,−}. LetVy

i ⊆ Vi be the subset ofVi that contains
all examples from Vi labeled as y.

From the training sets Ti , we induce the classification models
Mi . The algorithm follows by computing normalized (unit area)
histograms Hy

i ,y ∈ {+,−} of the output scores obtained byMi on
the validation set Vy

i .
Finally, given an unlabeled test set of eventsU , we compute the

normalized histogram HU
i of the scores obtained by the classifier

Mi on the test set U . We then consider the most probable context
forU as:

ĉs = SMR-HDy(U ) = argmin
i ∈C

HD
(
αiH

+
i + (1 − αi )H−

i ,H
U
i

)
where αi = HDy(H+i ,H

−
i ,H

U
i )

In other words, ĉs is the context that minimizes the divergence
between the distributions of scores obtained by the classifierMĉs
on the validation setVĉs and on the unlabeled sampleU . This mini-
mization is found when we estimate the positive class proportion as
αĉs . The rationale behind SMR-HDy is that the stored histograms
for the validation sets represent expected behaviors for the scores.
For instance, H+1 represents the behavior we expect to find for the
scores by applying M1 on positive events from context 1. Finally,
the HDy algorithm provides an interpolation parameter (in our
case, the estimation for the positive class ratio) that minimizes the
divergence between a test histogram and a linear interpolation of
two training histograms. Additionally, as a by-product, we obtain
a measurement for the divergence that can be used to compare
different contexts.

We note that, in SMR-HDy, we expect the behavior of the scores
produced by each model on events that belong only to its corre-
sponding context. This is a simple approach, and we are in fact
discarding useful information: the expected behavior of the scores
obtained by the classifier Mi on the validation set Vj when i , j.
We overcome this limitation in our second algorithm, presented in
the next section.

4.2 XO-HDy
Our second proposal, the Crossed Opinions HDy (XO-HDy) takes
into account how the scores for events from one context are ex-
pected to behave when obtained by a classifier of a different context.

Consider Hy
i, j the normalized histogram of scores obtained by

the classifier Mi on the validation set Vy
j . Also, consider αi, j as

follows:

αi, j = HDy(H+i, j ,H
−
i, j ,H

U
i )

We then consider the most probable context for U as:

ĉx = XO-HDy(U )

= argmin
j ∈C

1
|C |

∑
i ∈C

HD
(
αi, jH

+
i, j +

(
1 − αi, j

)
H−
i, j ,H

U
i

)
Figure 3 provides a visual illustration of the sources of data inside

the computation of each Hellinger Distance in XO-HDy.

Figure 3: Opinion from model Mi regarding context j. If Mi
applied on test data presents similar score behavior to any
mixture of positive and negative scores ofMi applied on con-
text j’s validation data, then Mi votes for higher chance of
actual context being j.

Our method provides αĉx , an estimation of the positive class
ratio, as a byproduct. However, once our method has identified the
context, we can use any quantification algorithm in conjunction
with the appropriate classifier, instead of HDy.

4.3 Classification Adjustment
Once we have both the inferred context ĉ and an estimation α̂ for
the positive class ratio, we can readjust the classifier induced upon
tĉ with a new threshold and reclassify the events inU . Precisely, we
expect α̂% of the examples to belong to the positive class. Therefore,
we set the classification threshold as the (1 − α̂)-percentile of the
obtained scores; that is, we consider the α̂% events with highest
scores as positive.

5 EXPERIMENTAL SETUP
In this section, we describe the experimental setup and datasets
adopted to evaluate our methods.

5.1 Algorithms and Evaluation
Although the proposed algorithms aim at identifying the correct
context of a sample of unlabeled events, the reason behind doing
so is the existence of underlying tasks which could potentially
achieve better performance when considering the context infor-
mation. Therefore, we not only measure the context identification
accuracy, i.e., how many times our proposed methods predict the
correct context, but also the performance for the classification and
quantification tasks when relying on such predictions.

We compare our algorithms’ performances with two toplines,
two baselines, and the Kolmogorov-Smirnov (KS) test. Their rea-
soning is as follows:

T1 (Topline 1): This algorithm always guesses the correct con-
text. We expect it to perform as well or better than our
proposals. We use this algorithm to obtain an upper limit for
the underlying tasks (classification and quantification) when
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we consider separate contexts and distinguish between them
flawlessly;

T2 (Topline 2): In this case, the correct context is known and
is used as an additional feature to describe each example.
We induce only one classifier using all available training
data, after including this additional feature. We believe that
this is the way most practitioners would model their prob-
lems, in case they had access to the variables responsible
for defining the contexts. If the first topline or the proposed
approaches surpass this topline, we have evidence that it is
better to induce individual models for each context instead
of considering a single model with a context attribute in the
example;

B1 (Baseline 1): Similarly to the second topline, this approach
only induces one classifier with all available training data.
However, this baseline disregards context information. If this
baseline performs as the toplines, it indicates that there is no
concept drift (or dataset shift) across different contexts. Oth-
erwise we have evidence that the data distribution changes
across contexts;

B2 (Baseline 2): This baseline guesses the context uniformly at
random. Since in our experiments all contexts occur with
equal chance, surpassing this baseline indicates that our
proposals learned the problem.

KS (Kolmogorov-Smirnov): This is a non-parametric test to com-
pare distributions and is a state-of-the-art approach to iden-
tify concept drifts [10, 18, 26, 30]. We compare the distribu-
tions of the scores output by each classifier and choose the
one with the lowest statistic. As this method does not esti-
mate the positive class ratio, we apply HDy after choosing
the context.

Section 5.2 describes the six real datasets used in our experiments.
We uniformly and randomly split each dataset into two disjoint
halves. The first half is reserved for training and validation, while
the second is used for testing. As all compared algorithms depend
only on the scores output by classification models, we used 10-
fold cross-validation to obtain the scores using the first half of
the dataset. After obtaining all validation scores, we induced the
classifiers in the first half (one for each context, plus one for U2
and one for B1) and obtained scores for all events in the second
half.

For each context, in each dataset, we varied the positive class
proportion from 0% to 100%, incrementing by 1% at a time. For
each positive ratio, we created 10 random samples ofW events.
No event appears more than once in each sample, though it can
appear on multiple samples. These were the samples used to test
and measure the performance of the competing approaches. All-in-
all, we evaluated 1000 × |C | samples for each dataset, in which C is
the set of contexts.

We also report the obtained quantification results for Adjusted
Classify And Count (ACC) coupled with all competing approaches.
For instance, ACC with XO-HDy uses the classifications from the
classifier trained on the context predicted by XO-HDy, and ACC
with B∈ uses the classifications from a single classifier without
context information.

We measured the performance of the approaches regarding con-
text identification accuracy (only for SMR-HDy and XO-HDy), the
accuracy of the underlying classifier after choosing the context,
and mean absolute error for the quantification task.

We merged all test samples into a single stream to analyze our
approach in data streams scenarios. In this case, each context ap-
pears in the stream in the form of 10 non-consecutive sequences of
instances. Each sequence is composed of the concatenation of 100
randomly positioned samples of sizeW , each sample having a sin-
gle positive class ratio within this sequence. We compare XO-HDy
against MINAS [9] regarding non-adjusted classification accuracy.
We used the authors’ freely available implementation of MINAS
with default settings, except for the threshold for Novelty Detection.
We raised this threshold so that MINAS detected no more than 50
events as novelty.

All classification models are Random Forests with 500 trees,
using scikit-learn1 with default parameters.

Since HDy is still a relatively new algorithm, there is no consen-
sus regarding an optimal number B of bins for the histograms. The
original authors of HDy did not suggest any specific value, though
they ran all experiments with varying sizes from 10 to 100 and re-
ported the median. We note that choosing B, although a non-trivial
task, is not devoid of useful insights. Histograms with large values
of B are negatively affected by two aspects. First, ifW is not large
enough, these histograms can become too sparse, each bin can have
too low weight and, ultimately, the Hellinger Distance can face the
curse of dimensionality. Second, a large number of bins has the
strong assumption of high precision for the scores obtained with
the classifiers. On the other hand, if B is too small, the Hellinger
Distance can be unable to differentiate distributions. We opted for
using B = 11 across all experiments, meaning that we allow for a
precision of 0.1 for the scores (from 0 to 1.0). We delegate a better
approach to address this parameter for future work.

Finally, to verify if we can safely adopt Ternary Search inside
HDy, we simulated the same conditions as described above, and
measured the difference between the positive class ratios found by
HDy with linear search and with Ternary Search. For the linear
search, we split the interval [0, 1] into 1000 uniformly distributed
parts. For the Ternary Search, we adopted an error of 10−5.

For the sake of reproducibility and further usage of our ideas,
we make available all the codes, datasets, and detailed results at our
supplementary material repository2.

The next section describes each dataset used in our experimental
setup.

5.2 Datasets Description
This section describes each dataset used to benchmark our propos-
als. As the datasets have a limited number of events, we choseW
(size of the test sample) so that there would be enough examples
to vary the probability of the positive class from 0 to 1, and still
have variability across samples in the extremes of this range. The
datasets are:

Aedes-Culex The dataset Aedes aegypti-Culex quinquefascia-
tus [10] contains 24, 000 events described by features that

1scikit-learn v0.19.0 available at http://scikit-learn.org/
2https://github.com/denismr/Classification-and-Counting-with-Recurrent-Contexts
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register the passage of femaleAedes aegypti and female Culex
quinquefasciatus mosquitoes in front of a sensor. Besides
wing beat frequency, there are other 25 numerical features
obtained from the signal power spectrum. Six ranges of tem-
perature define the contexts, and the objective is to distin-
guish between the two species.W = 300;

Aedes-Sex The dataset Aedes aegypti-sex [10], also containing
24, 000 entries, is similar to the previous one. However, we
want to discriminate between male and female Aedes aegypti
mosquitoes.W = 300;

Arabic-Digit A modified version of the Arabic-Digit dataset
[17, 20], which contains 8, 800 entries described by a fixed
number of MFCC values for the human speech of Arabic
digits (among 10). The spoken digit defines the context, and
the task is to predict the sex of the speaker.W = 200;

CMC CMC [20] is a dataset from a survey on contraceptive
prevalence at Indonesia. It contains 1, 473 entries described
by eight features. The task is to predict whether a contracep-
tive is in use or not, and the concept is given by two ranges of
age.W = 100. As MINAS requires purely numerical datasets,
we excluded this dataset in its evaluation;

Handwritten-QG QG is a subset of the dataset Handwrit-
ten [10], which contains 4, 010 entries described by 63 nu-
merical features regarding the handwritten letters g, and
q. The context is given by the author (among 10), and the
objective is to predict the letter.W = 80;

Wine Wine Quality [7, 20] contains 6, 498 entries described by
11 features. The task is to differentiate between two ranges
of quality of wines. The context is given by the type of the
wine (red or white).W = 300.

6 EXPERIMENTAL EVALUATION
In this section, we present and discuss our experimental results.

We open this section by displaying evidence that supports us-
ing Ternary Search inside the HDy algorithm. Table 1 presents
the average absolute differences between the positive ratios found
when applying discretized linear search and Ternary Search inside
HDy. The most significant average difference occurs for dataset
CMC, and this value represents a single instance every 2, 645 in-
stances. Interestingly, we note these differences are for estimated
argminHD(x), and when we map these values to HD(x), Ternary
Search produces smaller distances for most of the cases (column
< HD).

We also assess the accuracy of the context identification. Table 2
presents the results for mean accuracy for all class distributions. Our
methods performed consistently above chance level (B2), and XO-
HDy consistently outperformed both SMR-HDy and KS. We note
that XO-HDy achieved perfect context identification in three out of
six datasets, almost perfect in a fourth, and the lowest identification
accuracy was 88.73%.

SMR outperformed KS in all dataset but CMC. KS performs
well mainly when the positive class ratio is similar to that in the
training set, and poorly otherwise. Figure 4 illustrates the context
identification accuracy for each positive class proportion on dataset
Aedes-Culex. Other datasets have similar performance (shown in
the supplemental material).

Table 1: Average absolute difference (∆x) between the posi-
tive ratios found by discretized linear search and by Ternary
Search, in the HDy algorighm. Column # represents the
number of trials and column s presents the standard devi-
ation. The last column presents the proportion of cases in
which the Ternary Search led to a lower Hellinger Distance.

Dataset # ∆x s < HD
Aedes-Culex 387840 1.78 × 10−4 1.65 × 10−4 70.49%
Aedes-Sex 387840 2.47 × 10−4 1.46 × 10−4 98.45%
Arabic-Digit 1454400 2.44 × 10−4 1.49 × 10−4 97.21%
CMC 32320 1.75 × 10−4 1.65 × 10−4 68.95%
Handwritten-QG 1454400 3.78 × 10−4 6.50 × 10−3 84.64%
Wine 32320 1.89 × 10−4 1.64 × 10−4 75.17%

Table 2: Mean Context identification accuracy comparison
for a uniformly random test (B2), Kolmogorov-Smirnov test
(KS) and our two proposals.

Dataset B2 KS SMR XO-HDy
Aedes-Culex 16.95% 46.07% 61.57% 88.73%
Aedes-Sex 16.95% 39.65% 65.66% 99.77%
Arabic-Digit 10.50% 66.87% 99.59% 100.00%
CMC 51.34% 80.59% 71.19% 94.21%
Handwritten-QG 10.08% 80.78% 88.59% 100.00%
Wine 48.71% 90.00% 100.00% 100.00%
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Figure 4: Context identification accuracy for all positive
class proportions for dataset Aedes-Culex.

In the remainder of this section, we present the results for the
underlying tasks, that is, quantification and classification.

6.1 Quantification
Table 3 presents the mean absolute error (MAE) between the pre-
dicted and actual positive ratios obtained with HDy. The mean
values are computed across all positive distributions.

For quantification tasks, XO-HDy performed best among all
methods. The fact that XO-HDy performed better than B1 high-
lights the importance of differentiating contexts. Similarly, the fact
it also outperformed B2 indicates the relevance of using the correct
context. In fact, B2 performed consistently worse than B1. This
further supports the previous point, and more importantly, it also
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Table 3: HDy absolute quantification error averaged over all positive proportions.

Dataset B1 B2 KS SMR XO T1 T2
Aedes-Culex 27.04% (20.29) 28.23% (26.32) 19.65% (20.97) 17.87% (24.96) 6.63% (14.66) 2.20% (1.78) 5.95% (4.18)
Aedes-Sex 4.14% (4.64) 9.38% (16.01) 7.36% (16.13) 0.62% (0.75) 0.44% (0.40) 0.44% (0.40) 1.00% (1.15)
Arabic-Digit 1.13% (0.92) 19.96% (19.36) 6.19% (12.00) 0.71% (0.64) 0.70% (0.63) 0.70% (0.63) 0.97% (0.80)
CMC 25.24% (14.98) 29.15% (26.24) 23.10% (22.90) 27.60% (28.70) 16.71% (18.21) 12.73% (10.77) 10.69% (8.60)
Handwritten-QG 1.96% (3.17) 22.87% (25.34) 1.47% (5.71) 0.82% (0.70) 0.80% (0.66) 0.80% (0.66) 1.90% (2.93)
Wine 13.04% (10.65) 26.14% (28.83) 10.08% (18.76) 3.94% (2.66) 3.94% (2.66) 3.94% (2.66) 13.28% (11.50)

clarifies that it is better to ignore context information rather than
using it if the context information is unreliable.

As XO-HDy obtained perfect context identification in three
datasets, and almost perfect in a fourth dataset, it performed as
well as the topline T1 in these cases. However, XO-HDy performed
worse then T1 for the other two datasets. Although a paired t-test
between XO-HDy and T1 results in a p-value of 17.55%, we believe
that this p-value would decrease as we increase our sample size, as
we expect T1 to be an upper bound of the performance obtainable
by XO-HDy. A paired t-test between XO-HDy and T2 resulted in
a p-value of 72.14%, which does not indicate a statistically signifi-
cant difference between the methods. An important observation,
though, is that XO-HDy only underperformed T2 when it did not
achieve almost perfect context identification. Finally, T1 only un-
derperformed T2 in one dataset. This indicates that in most of our
cases, separating the contexts is a better approach than including it
as a feature.

In general, our results suggest that in many cases, we can confi-
dently use XO-HDy in quantification tasks without context infor-
mation, and expect the same results as those obtained if context
information were available. In other cases, although XO-HDy per-
forms worse than when context information is available, it still
outperforms approaches that simply ignore contexts or randomly
guess the current context (as done by B1 and B2).

Table 4 presents the quantification errors when using Adjusted
Classify and Count (ACC) instead of HDy.We did not observe signif-
icant differences between HDy and ACC. Indeed, ACC outperforms
HDy in specific datasets; however, it still benefits from context
identification the same way HDy does and relies on HDy to this
task.

6.2 Classification
Tables 5 and 6 present non-adjusted and adjusted classification
accuracies, respectively. The observations regarding B2 are the
same as the ones made for quantification. All p-values reported are
according to the paired t-test.

We cannot statistically infer that XO-HDy outperforms B1 (p-
value = 32.29%). However, when we compare the adjusted XO-HDy
against the best results between non-adjusted and adjusted B1, XO-
HDy outperforms B1 in every single dataset. Comparing adjusted
XO against the best between adjusted and non-adjusted T1 and
T2 lead to the same conclusions than the ones obtained from the
quantification results.

Figure 5 illustrates the average accuracy obtained by both ad-
justed and non-adjusted XO-HDy in dataset Aedes-Culex, for every
positive class ratio tested. From this figure, we can see that it is

possible to adjust a classifier only when the quantification is within
specific ranges of the positive class proportion, and improve classi-
fication accuracy even further. This pattern was common across all
datasets. We believe that, while adjustment increases performance
for samples that have class proportions different than the one found
in the training set (which in this case is balanced), it may have the
opposite effect otherwise. We delegate further investigation on this
topic to future work.
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Figure 5: Comparison between adjusted and non-adjusted
classification performance across different class propor-
tions. Data obtainedwithmethodXO-HDy on dataset Aedes-
Culex.

6.3 Data Stream Classification
Table 7 presents the accuracies obtained by XO-HDy andMINAS [9]
in a streaming setting. Although we fed both with the same training
data, MINAS was unable to discern the contexts and, judging by its
inferior performance compared to B1, its forgetting mechanism was
harmful. XO-HDy consistently outperformed MINAS. Our results
suggest that when contexts are known, switching between them is
better than adapting the models after tracking incremental drifts.

7 TIME AND MEMORY COMPLEXITIES
We can split the computational cost into two parts: training and
deployment. The training phase is performed once, and the deploy-
ment phase is recurrent for every data chunk.

Consider T the cost in time to train a classifier, M the cost in
memory to store a classification model, and L the cost in time to
issue a classification for one event. Notice thatT ,M, andL depends
on the adopted classification algorithm. Assitionally, considerV
the size of the validation set for each context and B the number of
bins of the histograms.
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Table 4: ACC absolute quantification error averaged over all positive proportions.

Dataset B1 B2 KS SMR XO T1 T2
Aedes-Culex 23.09% (18.25) 28.53% (26.16) 19.54% (20.57) 18.19% (24.83) 7.14% (14.59) 2.84% (2.21) 5.84% (3.72)
Aedes-Sex 3.24% (4.67) 8.44% (14.99) 7.46% (15.00) 0.65% (0.72) 0.52% (0.45) 0.52% (0.45) 0.84% (0.64)
Arabic-Digit 1.00% (0.69) 12.54% (14.01) 6.51% (11.93) 0.59% (0.53) 0.59% (0.53) 0.59% (0.53) 1.00% (0.69)
CMC 22.55% (17.43) 31.12% (27.32) 26.53% (26.30) 29.02% (29.19) 19.10% (20.51) 14.88% (13.72) 16.20% (12.10)
Handwritten-QG 1.18% (1.67) 11.15% (20.27) 1.04% (4.96) 0.61% (0.49) 0.60% (0.43) 0.60% (0.43) 1.18% (1.67)
Wine 13.56% (10.70) 18.95% (24.60) 7.37% (6.24) 5.74% (3.53) 5.74% (3.53) 5.74% (3.53) 13.22% (10.45)

Table 5: Classification accuracy averaged for all positive class proportions.

Dataset B1 B2 KS SMR XO T1 T2
Aedes-Culex 76.84% (14.42) 72.32% (19.87) 74.40% (13.66) 76.37% (15.66) 82.02% (9.77) 84.01% (4.96) 83.94% (5.39)
Aedes-Sex 96.14% (4.87) 89.25% (16.69) 91.66% (15.21) 98.58% (1.14) 98.79% (1.02) 98.79% (1.02) 98.51% (1.11)
Arabic-Digit 98.96% (1.01) 84.54% (14.22) 93.30% (12.07) 99.48% (0.64) 99.48% (0.64) 99.48% (0.64) 98.89% (0.98)
CMC 66.07% (6.74) 62.96% (10.66) 61.72% (9.94) 61.71% (9.63) 64.03% (7.74) 65.45% (5.20) 66.51% (5.47)
Handwritten-QG 99.20% (1.82) 88.04% (20.97) 99.26% (5.03) 99.71% (0.62) 99.71% (0.57) 99.71% (0.57) 99.20% (1.82)
Wine 78.30% (5.51) 69.42% (16.37) 77.75% (6.12) 78.18% (5.36) 78.18% (5.36) 78.18% (5.36) 78.62% (5.43)

Table 6: Mean classification accuracy for all positive class proportions with decision thresold ajusted according to quantifica-
tions results of Table 3.

Dataset B1 B2 KS SMR XO T1 T2
Aedes-Culex 70.87% (18.98) 68.95% (24.28) 73.51% (16.85) 75.97% (22.02) 84.70% (13.54) 88.07% (5.83) 87.26% (5.83)
Aedes-Sex 95.50% (4.66) 88.77% (16.54) 91.81% (16.18) 98.68% (1.15) 98.90% (0.94) 98.90% (0.94) 98.53% (1.37)
Arabic-Digit 98.73% (0.98) 78.80% (19.18) 93.68% (12.01) 99.23% (0.68) 99.24% (0.67) 99.24% (0.67) 98.88% (0.89)
CMC 68.15% (15.52) 62.92% (22.66) 64.14% (19.14) 61.79% (23.70) 68.70% (16.14) 72.32% (11.99) 73.31% (11.80)
Handwritten-QG 98.29% (3.15) 76.38% (25.71) 98.68% (5.77) 99.41% (0.85) 99.44% (0.83) 99.44% (0.83) 98.37% (2.94)
Wine 80.83% (9.37) 68.45% (25.39) 79.25% (16.38) 85.10% (6.18) 85.09% (6.18) 85.10% (6.18) 80.48% (9.76)

Table 7: Comparison of classification accuracy between MI-
NAS [9] and XO-HDy in data stream setting.

Dataset MINAS XO-HDy
Aedes-Culex 58.30% 82.91%
Aedes-Sex 91.91% 98.68%
Arabic-Digit 56.97% 99.43%
Handwritten-QG 74.57% 99.61%
Wine 48.20% 77.49%

The cost in time to train the SMR-HDy isO(|C |T+|C |LV), while
the cost to keep the SMR-HDy in memory after the training phase
is O(|C |M + |C |B). The training time cost of XO-HDy is O(|C |T +
|C |2LV), while its post-training memory cost is O(|C |M + |C |2B).

From a deployment perspective, the cost in time to use both
SMR-HDy and XO-HDy depends on which search strategy we use
for minimizing HD(A+ xB,C) inside the HDy algorithm. Although
the original authors of the algorithm reckon that many strategies
can be applied, they suggest using linear search. In this case, the
domain of the function ([0, 1]) is discretized in P parts, and the cost
in time of estimating its minimum is O(PB). On the other hand, we
advocate applying Ternary Search, even though the function to be
minimized is not unimodal. Our experimental results show that the
results are essentially the same as the ones obtained by the linear

search, though the computational cost becomes a substantially
lower O(Bkϵ ), where kϵ grows logarithmically on the inverse of
the error ϵ , which is a parameter of the Ternary Search. For instance,
kϵ = 24 when ϵ = 10−4, and kϵ = 30 when ϵ = 10−5.

GivenW , the number of events in the test set U . The computa-
tional time cost of running SMR-HDy depends on the time required
to compute the test histograms HX

i (O(|C |LW )), and the time re-
quired to identify the current context (O(|C |Bkϵ )). In total, it is
O(|C |LW + |C |Bkϵ ).

Similarly, the cost of running XO-HDy is composed of the time
required to compute the histograms (O(|C |CW )), and the time re-
quired to identify the current context (O(|C |2Bkϵ )). In total, it is
O(|C |LW + |C |2Bkϵ ).

We note that if the test set U comprises a sliding window in a
data stream, every time we observe an event, the histograms are
updated in |C |L. In this case, it is unnecessary to recompute the
histograms entirely. We note, however, that it increases the memory
cost by O(W |C |), given the need for a queue to remove old values
from the histograms in the correct order.

Additionally, it is unnecessary to keep allW events from the test
chunkU in memory, simultaneously. Each event can be processed
and promptly discarded, one at a time.
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8 LIMITATIONS
Our proposedmethods have three significant limitations. The first is
the fact that they are suitable only for binary classification problems.
This same assumption is present in most papers on quantification.
We plan to remove such limitation in future work, as we discuss in
the next section.

The second limitation is the assumption of purity of context, i.e.,
adjacent instances belong to the same context. Our experimental
evaluation reflects this assumption as, except when comparing our
approaches against MINAS, we measure performance on batches
that contain data from only one context at a time. Indeed, we expect
more than one context to coexist within a same sliding window,
in a data stream, during the transition between two consecutive
contexts.

However, two essential aspects soften this limitation. First, the
period of coexistence is as long as the size of the sliding window.
We expect the window to contain much fewer instances than the
number of observed examples associated with the active context.
Therefore, this assumption is not likely to affect the measured per-
formance significantly. Second, for some applications, it is reason-
able to assume that consecutive contexts share enough similarities
so that applying either model would lead to acceptable performance.
In that sense, even during transitions, the mixture of contexts would
not pose an issue to the performance.

The third and final limitation is the assumption that we previ-
ously know all contexts. One suggestion to circumvent this limita-
tion would be to set a threshold for the output of our approaches:
values above the threshold would indicate novelty, and labels for
recently observed events could be requested to form a new context.

9 CONCLUSIONS AND FUTUREWORK
PROSPECTS

We presented XO-HDy, a method that accurately identifies the con-
text of data samples, while simultaneously estimating their positive
class ratios. We have empirically shown that assertively predict-
ing a data’s context lead to lower quantification errors and higher
classification accuracy than: (1) ignoring the existence of different
contexts altogether; and (2) inaccurately guessing the context. Ad-
ditionally, our method is very efficient regarding memory and time
consumption and does not impose restrictions on the number of
contexts in the data.

XO-HDy is limited to binary classification. As futurework prospects,
we aim at extending the presented concepts to multi-class problems.
One possible way is to aggregate the results from one-vs-rest [23].
Additionally, we will evolve our approaches so that we can identify
novel contexts that were so far unknown to the model. A possibility
is employing Transfer Learning techniques on the most similar
known context.
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